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p ^ principles of Finslerian spinoptics are formulated on the grounds of previous work on 

' Riemannian spinoptics, and relying on the generic coadjoint orbits of the Euclidean 

^ group. A new presymplectic structure on the indicatrix-bundle is introduced, which 

^ gives rise to a foliation that significantly departs from that generated by the geodesic 

, ^ , spray, and leads to a specific anomalous velocity, due to the coupling of spin and 
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1 Introduction 

Geometry and optics have maintained a lasting relationship since Euclid's Optics 
where light rays were first interpreted as oriented straight lines in space (or, put in 
modern terms, as oriented, non parametrized, geodesies of Euclidean space). One 
can, withal, trace back the origin of the calculus of variations to Fermat's Principle 
of least optical path. This principle has served as the basis of geometrical optics in 
inhomogeneous, isotropic, media and proved a fundamental mathematical tool in 
the design of optical (and electronic) devices such as mirrors, lenses, etc., and in the 
understanding of caustics, and optical aberrations. 



2 



Although Maxwell's theory of wave optics has unquestionably clearly superseded 
geometrical optics as a bona fide theory of light, the seminal work of Fermat has 
opened the way to wide branches of mathematics, physics, and mechanics, namely, 
to the calculus of variations in the large, modern classical (and quantum) field 
theory, Lagrangian and Hamiltonian or presymplectic mechanics. 

It should be stressed that Fermat's Principle has, in essence, a close relationship 
to modern Finsler geometry, as it rests on a specific "Lagrangian" 



F{x,y) = n{x)^5^,tyi (1.1) 

where y = (y*) stands for the "velocity" of light, and n{x) > for the value of the 
(smooth) refractive index of the medium, at the "location" x in Euclidean space. 
(Note that Einstein's summation convention is tacitly understood throughout this 



article.) As a matter of fact, the function ( 1.1 ) is a Finsler metric, namely a positive 



function, homogeneous of degree one in the velocity, smooth wherever y ^ 0, and 



such that the Hessian gij{x, y) = {\F'^)yiyj is positive-definite (see Section 



2.1). Al- 



though, this is a very special case of Finsler metric — it actually defines a conformal- 
ly flat Riemannian metric tensor, viz., gij{x) = n^(x) 6ij — , this fact is worth noting 



for further generalization. The geodesies of the Fermat-Finsler metric (1.1) are a 
fairly good mathematical model for light rays in refractive, inhomogeneous, and non 
dispersive media — provided polarization of light is ignored! 

It has quite recently been envisaged to consider a general Finsler metric F{x, y) 
to describe anisotropy of optical media, as the Finsler metric tensor, gij(x,y), de- 
pends, in general non trivially, on the direction of the velocity, y, or "element de 
support" in the sense of Cartan ^8j. This enables one to account for the fact 
that |S1 EH] 

In an anisotropic medium, the speed of light depends on its direction, 
and the unit surface is no longer a sphere. (Finsler, 1969) 

The Fermat Principle has also been reformulated in the presymplectic framework 
in [16], and generalized in [T7] to the context of anisotropic media. By the way. 



the regularity condition imposed, in the latter reference, amounts to demanding a 
Finsler structure. 

One thus takes for granted that oriented Finsler geodesies may describe light 
rays in anisotropic media. 

A Finslerian version of the Fermat Principle now states that the second-order 
differential equations governing the propagation of light stem from the geodesic 
spray of a (three-dimensional) Finsler space, (M,F), given by the Reeb vector field 
of the contact 1-form 

W = L03, (1.2) 

where uj^ = Fyidx^ is, here, the restriction to the indicatrix-bundle, SM = F~^{1), 
of the Hilbert 1-form. See Section |3] and also . 

Now, geometrical optics is, from a different standpoint, widely accepted as a 
semi-classical limit [H] of wave optics with "small parameter" the reduced wave- 
length A (or A/L, where L is some characteristic length of the optical medium, see, 
e.g., [13]). It has, however, recently been established on experimental grounds that 
trajectories of light beams in inhomogeneous optical media depart from those pre- 
dicted by geometrical optics. See, e.g. [IOl[T2l|9], and [MUSI], for several approaches 
to photonic dynamics in terms of a semi-classical limit of the Maxwell equations in 
inhomogeneous, and isotropic media, highlighting the Berry connection |8J. See 
also [24 . The so-called optical Hall effect for polarized light rays, featuring a very 
small transverse shift, orthogonal to the gradient of the refractive index, has, hence, 
received a firm theoretical explanation. 

From quite a different perspective, a theory of spinning light in arbitrary three- 
dimensional Riemannian manifold has been put forward as an extension of the 
Fermat Principle to classical, circularly polarized photons, in inhomogeneous, (es- 
sentially) isotropic, media. This theory of spinoptics, presented in [21], and [22], 
relies fundamentally on the Euclidean group, E(3), viewed at the same time as 
the group of isometries of Euclidean space, E"^, and as the group of symmetries of 
classical states of free photons represented by Euclidean coadjoint orbits. Straight- 
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forward adaptation of the general relativistic prescription of minimal coupling |3H 
HOI mj readily yielded a set of differential equations governing the trajectories of 
spinning light in inhomogeneous, and isotropic media described by a Riemannian 
structure. Also did this formalism for spinoptics help to put the optical Hall effect 
in proper geometrical perspective, in agreement with j33j . 

The main purport of the present article is, as might be expected, to try and 
provide a fairly natural extension of plain geometrical optics — in non-dispersive, 
anisotropic, media described in terms of Finsler geodesies — to spinoptics, i.e., to 
the case of circularly polarized light rays carrying color and helicity in such general 
optical media. In doing so, one must unavoidably choose a linear Finsler connection 



from the start (see (1.3|), the crux of the matter being that there is, apart from 
the special Riemannian case, no canonical Finsler connection at hand. The chal- 
lenge may, in fact, be accepted once we take seriously the Euclidean symmetry as 
a guiding principle, a procedure that can be implemented by considering the dipole 
approximation to ordinary geometrical optics, namely the spinning coadjoint orbits 
of the Euclidean group. This is the subject of Section |4] which contains the main 
results of this article, where the Finsler-Cartan connection prevailed definitely over 
other Finsler connections, as regard to the original, fundamental, Euclidean sym- 
metry of the free model. Let us, however, mention that all resulting expressions, 
for the foliations we end up with, ultimately depend upon the Finsler metric tensor, 
the Cartan tensor, and the Chern curvature tensors only. 

The hereunder proposed principle of Finsler spinoptics (see Axiom [4^ which can 
be understood the prescription of minimal coupling to a Finsler-Cartan connection) 



thus amounts to consider, instead of (1.2), the following 1-form 



W = UJ3 + XuJl2, (1.3) 

where A is the (signed) wavelength, the Qab, with a,b = 1,2,3, representing the 
components of the Cartan connection associated with a three-dimensional Finsler 



manifold {M,F). The 1-form (1.3) might be considered as providing a deformation 
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of the Hilbert 1-form driven by the wavelength parameter, A. See Remark 4.6 below. 

The characteristic foliation of the novel 2-form a = dw is explicitly calculated, 
and leads to a drastic deviation from the Finsler geodesic spray, dictated by spin- 
curvature coupling terms which play, in this formalism, quite a significant role, as 



expressed by Theorem 4.12 Of course, the equations of spinoptics in a Riemannian 
manifold [21] are recovered, as special case of those corresponding to a Finsler- 
Cartan structure. We assert that this foliation can be considered a natural extension 
of the Finsler geodesies spray to the case of spinoptics in Finsler- Cart an spaces. 
The paper is organized as follows. 

Section [2] provides a survey of local Finsler geometry. We found it necessary 
to offer a somewhat technical and detailed introduction of the objects pertaining 
to Finsler geometry, in particular to the various connections used throughout this 
article, to make the reading easier to non experts. Emphasis is put on the Chern 
and Cartan connections, as these turn out to be of central importance in this study. 
This section relies essentially on the authoritative Reference [6]. 

In Section |3] we review the principles of geometrical optics, extending Fermat's 
optics to the area of Finsler structures characterizing anisotropic optical media. 
Then, special attention is paid to the Hilbert 1-form in the derivation of the Finsler 
geodesic spray. The connection of the latter to the Fermat differential equations 
associated with conformally related Finsler structures is furthermore analyzed. 

Section |4] constitutes the major part of the article. It presents, in some details, 
the basic structures arising in the classification of the SE(3)-homogeneous symplec- 
tic spaces, which are interpreted as the seeds of spinoptics, namely the Euclidean 
coadjoint orbits labeled by color, and spin, according to the classic [39j. The core of 
our study consists in the choice of a special Finsler connection, namely the Finsler- 
Cartan connection, to perform minimal coupling of spinning light particles to a 
Finsler metric. This is done and explained in this section, in which the derivation of 



the characteristic foliation of our distinguished presymplectic 2-form dw, see (1.3 1, 
is spelled out in detail. This completes the introduction of Finslerian spinoptics. 
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Conclusions are drawn in Section |5] and perspectives for future work connected 
to the present study are finally outlined. 

Acknowledgments: It is a great pleasure to thank J.-C. Alvares Paiva, S. Tabach- 
nikov, and P. Verovic, for useful correspondence and enlightening discussions. Thanks 
are also due to P. Horvathy for valuable advice. 

2 Finsler structures: a compendium 

2.1 Finsler metrics 
2.1.1 An overview 

A Finsler structure is a pair (M, F) where M is a smooth, n-dimensional, manifold 
and F : TM M'^ a given function whose restriction to the slit tangent bundle 
TM\M = {{x,y) £ TM\y £ r^M\{0}} is smooth, and (fiberwise) positively 
homogeneous of degree one, i.e., F{x, Xy) = XF{x, y), for all A > 0; one furthermore 
demands that the n x n Hessian matrix with entries 

gij{x,y)=(lFA (2.1) 



be positive-definite for all G TM\M. The quantities gij defined in (2.1) are 

(fiberwise) homogeneous of degree zero, and 

g = gij(x,y)dx'' ®dx^ (2.2) 

defines a sphere's worth of Riemannian metrics [7j on each T^M parametrized by 
the direction of y. We will put (g*^) = (gij)"^ If vr : TM\M M stands for 



the canonical surjection, the metric (or fundamental) "tensor" (2.2) is, actually, a 
section of the bundle tt*{T*M) (g> ■k*{T*M) TM\M. 

The distinguished "vector field" (the direction of the the supporting element) 

u = u^^^, where u\x,y) = j^^, (2.3) 

is, indeed, a section of 7r*(TAf) TM\M such that g(u, u) = gijU^u^ = 1. 
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There is, at last, another tensor specific to Finsler geometry, namely the Cartan 
tensor, C = Cijk{x,y)dx'' ® dx^ ® dx^ , where Cijk{x,y) = {lF^)y^yJyk■ As in [61, we 
will also use ad lib. the quantities 

Aijk = F Cijk, (2.4) 

which are totally symmetric, Aijk = ^(jjfc), and enjoy the following property, viz., 

Aijku'' = 0. (2.5) 

There is a wealth of Finsler structures, apart from the well-known special case of 
Riemannian structures (M, g) for which F{x,y) = ^y gij{x)y'^y^ . See, e.g., pi U\ I5H] 
for a survey, and for a list of examples of Finsler structures. We will review below, see 



(3.11 )-(3.13), examples of Finsler structure associated with optical birefringence [3]. 



2.1.2 Introducing special orthonormal frames 

Having chosen a coordinate system (x*) of M, we denote — with a slight abuse 
of notation — by d/dx^ (resp. dx*) the so-called transplanted sections of 7r*(TM) 
(resp. TT*(T*M)), Accordingly we will denote by d/dy^ (resp. dy^) the standard, 
vertical, sections oiT{TM\M) (resp. T*{TM\M)). 

Introduce now special g-orthonormal frames (ei, . . . , e^) for 'k*{TM), such that 

g(ea,efe) = 5a6, (2.6) 

for all a, 6 = 1, . . . , n, with, as preferred element, the distinguished section 

en = u. (2.7) 

Recall that each Ca lies in the fiber vr* (TM) (j, above (x,y) G TM\M. The local 
decomposition of these vectors is given by 

e« = 4|^, (2.8) 

for all a = 1, . . . , n, where the matrix (e^), defined at (x, y) G TM\M, is nonsingular. 
We thus have 

ej, = n\ (2.9) 



The dual frames, for ■k*{T*M), which we denote by {uj^, . . . , w"), are such that 
iv"'{eb) = S^, for ah a, 6 = 1, . . . , n. Accordingly, we have the local decomposition 

w'^ = io^dx\ (2.10) 

for all o = 1, . . . , n, where {cof) = (e^)~^. The 1-form dual to is the Hilbert form 

uJH = u;'^ (2.11) 



which, in view of (2.3), reads ujh = Ui dx^, with Ui = giju^ = Fyi. 

The following proposition introduces the principal bundle of orthonormal frames 
above the slit tangent bundle of a Finsler manifold. 

Proposition 2.1. The manifold, SOn-i(TM\M), of special g- orthonormal frames 
for TT* (TM) is endowed with a structure of SO {n — 1) -principal bundle overTM\M. 
If GL+(Af ) stands for the bundle of positively oriented linear frames of M, it is 
defined by SO„_i(rM\M) = ^'-^(0) where ^ : 7r*(GL+(M)) ^ mI"("+i) x M""1 is 
given by ^'(x, y, (ca)) = ((g(x,y)(ea, e^) - 6ab),y - F{x, y)en), where a, 6 = 1, . . . , n. 

The proof is straightforward as is that of the following statement. 

Corollary 2.2. Let SM = ¥^"^(1) denote the indicatrix-bundle of a Finsler man- 
ifold {M,F), and i : SM ^ TM\M its embedding into the tangent bundle of M. 
The pull-back S0„_i(5'M) = i*(SO„^i(rM\M)) is a principal SO(n - l)-bundle 
over SM. 

2.1.3 The non-linear connection 

Let us recall that the Finsler metric, F, induces in a canonical fashion a splitting of 
the tangent bundle of the slit tangent bundle vr : TM\M M of M as follows: 

T(TM\M) = V(TM\M) © H{TM\M), (2.12) 

where the vertical tangent bundle is V{TM\M) = ker vr*. The fibers, V(^x,y)i of that 
subbundle are spanned by the vertical local basis vectors d/dy^, with i = 1, . . . ,n. 
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Those, H(^^^y), of the horizontal subbundle H(TM\M) are spanned by the horizontal 
local basis vectors 

with i = l,...,n, where the A'^-' are the coefficients of a non-linear connection 
canonically defined by 



^ 2 dy^ 

in terms of the spray coefficients = ^g^^ {{F'^)ykx' ~ (-^^)x*)- 



(2.14) 



The horizontal vectors, 5/5x^, see (2.13), and the vertical vectors, form 
a local natural basis for T(^^^y)(TM\M) whose dual basis is given by dx' and 5y^, 
where 

5y' = dy' + N)dxK (2.15) 



We now introduce, following (2.8), (2.10) the g-orthonormal frames that will be 
needed in the sequel. 

Definition 2.3. We will call hv-frame any frame for T{TM\M), compatible with 



the splitting (2.12), namely |^ 



— 



d 



where a = a + n, with a = 1, . . . ,n. The associated dual basis reads then 

.a sy' 



(2.16) 



L0'' = Ujfdx\ 



UJ = UJi 



F ' 



(2.17) 



with a = 1, . . . ,n; see ( 2.10) and (2.15) 



Owing to the properties of the non-linear connection (2.14), the metric, -P, is 
horizontally constant. 



5F_ 
6x^ 



0, 



(2.18) 



for all i = 1, . . . , n. This entails that the vertical 1-form is exact. 



uj^ = dlogF. 



(2.19) 
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2.2 Finsler connections 

Unlike the Riemannian case, there is no canonical linear Finsler connection on the 
bundle Tr*{TM), which is required as soon as one needs to differentiate tensor fields, 
i.e., sections of the bundles n*{TM)^P ® 7r*(r*M)®'?. 

2.2.1 The Chern connection 

A celebrated example, though, is the Chern connection uj-" = r*^-^(x, y)dx'^ which is 
uniquely defined by the following requirements [B]: (i) it is symmetric: F^^ = F*^^-, 
and (ii) it almost transports the metric tensor: dgij — ooj^gjk — ojj'gik = '^CijkSy^, 



where the 6y are as in (2.15). 

The Chern connection coefficients turn out to yield the alternative expression of 
the non-linear connection, namely, 

iV^(x,y)=F^fc/. (2.20) 

The covariant derivative V : F(7r*(rM)) T{T{TM\M)®tt*{TM)) associated 
with the Chern connection is related to the uj- via Vxd/dx^ = ujj{X)d/dx^, for 
all X E Vect(rM\M). In terms of the special g-orthonormal frames, we can write 
VxCb = u;^"(X)e6, for ah X £ Yect{TM\M) where a;^" = (de^ + w/e^) denote 
the frame components of the Chern connection. The following theorem summarizes 
the defining properties of the Chern connection. 

Theorem 2.4. f^l There exists a unique linear connection, (w^), on ■k*{TM), 
named the Chern connection, which is torsionfree and almost g- compatible, namely 

= dcj" - u;'' A cjb" = (2.21) 

and 

^ab + i^ha = -2Aabc Oj" , (2.22) 

where a,b,c = 1, . . . ,n. The corresponding connection coefficients are of the form 

ri -^ail ( ^^^^ ^ ^^^^ ^^^^\ (9 9-i\ 

for all i,j,k = 1, . . . ,n. 
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The curvature, (^2^), of the Hnear connection, (wj,"), is defined by the structure 



equations 17/^ = duo^ — lo^ A uj^. It retains the form 



where i?/^; = e>^^a;£ i?^'^^^, reads 



E> « J"- _|_ -pi -pm -pi pm 



and, accordingly. 



jkl 



-F 



dV 



dy 



j_k 



The hv-curvature, P, enjoys the fundamental property 



(2.24) 



(2.25) 



(2.26) 



(2.27) 



Using Cartan's notation [18^ (see also |36| [6]). we write the covariant derivative 
of, e.g., a section X of -k*{TM) as (VXy = dX^ + uj^X^ = X'j. dx^ + 



where i, j = 1, . . . ,n. In particular, it can be easily deduced from (2.20) that the 
covariant derivative of the unit vector u is given by 

5y' 



(Vu)' = -u'dlogF + 



F 



so that (2.18) leads to 



4 = 0' 



M||j- = 5] - u'Uj, 



(2.28) 



(2.29) 



for alH, j = 1, . . . , n. 



Let us deduce from (2.28) a classical formula highlighting a special property of 
the Chern connection. 



Proposition 2.5. There holds 



(2.30) 



where the hah = ^ab — ^a^t' ^^^^ o, 6 = 1, . . . , n, are the frame- components of the 
"angular metric". 
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We end this section by a useful lemma (see Section 3.4 B in [6] for a proof). 

Lemma 2.6. The first Bianchi identities imply A^j^j^^^^ = A^j^j^Uij, where the square 
brackets denote skew-symmetrization. If we define the covariant derivative of the 



Cartan tensor (2.4) in the direction, u, of of the supporting element by 

Aijk = Aijk\iu\ (2.31) 

ijk — 'U Plijk — -^ijk' 



then, the same Bianchi identities lead to = u^'Pink = —A. 



2.2.2 The Cartan connection 

The Cartan connection is another prominent Finsler linear connection on 7r*(TM) 
which is related to the Chern connection in a simple way. 

Definition 2.7. J^,^] Let {M,F) be a Finsler structure with Cartan tensor {Aabc), 
and let (uJab) denote its canonical Chern connection. The frame components of the 
Cartan connection of (M, F) are defined by 

^ab = ^ab + Aabc^^^ (2.32) 

where c = c + n, with a,b,c= 1, . . . ,n. 

The fundamental virtue of these connection 1-forms is the skewsymmetry 

l^ab + i^ba = 0, (2.33) 

that guarantees that the fundamental tensor is parallel, Vg = 0, where V stands 
for the covariant derivative associated with the Cartan connection. The Cartan 
connection is not symmetric; its torsion tensor Q,'^ = duj'^ — oj^ A Q^, is nonzero. 
Indeed, i}"" = Q"" — uj^ A Aabc^'^, and, since ^1°" = 0, it retains the form 

n'' = -A^^uj^ Aoj^. (2.34) 

One easily proves the following result. 

Tiieorem 2.8. There exists a unique linear connection, (o)^), on it*(TA4) whose 



torsion, {0,""), is given by (2.34), ^^'^ which is g-compatible, Vg = 0, as expressed 



by ( 2.33^ . This connection is the Cartan connection (2.32). 
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Other characterizations of the Cartan connection can be found in the hterature, 
e.g, in [UElllI. 



Proposition 2.9. The torsion of the Cartan connection is such that 



= 0. 



(2.35) 



From now on, and whenever possible, we will use frame indices, o, b,c, . . ., rather 
than local coordinate indices, k, . . .. 

Proposition 2.10. JS^ The curvature fl^ = d£d^ —uj^ f\uj^ of the Cartan connection 



is given by 



^ab = ^ab + Aabc K + Kbd\c A w'^ + A'Ld^fece ^ ^'^ (2-36) 



where {^{l") denotes the Chern curvature 2-form (2.24) with (2.25. 2.26), and {Aabc) 



the Cartan tensor (2.4). One has the decomposition 



with 



b cd 



-Tfe cd 



Qb, 



cd 



T} a \ AO, r>e 
^bcd~^ ^ be^ cd^ 

^bcd~r ^ bd\c ^ be^ cdi 

e d b' 



(2.37) 

(2.38) 
(2.39) 
(2.40) 



where we use the notation R^^^ = R^^^, and Aabc = Aai,c\n (^^^ (2.31)) 



3 Geometrical optics in Finsler spaces 
3.1 Finsler geodesies 

Following Souriau's terminology |39j . we call evolution space the indicatrix-bundle 



SM = F-^(l) 



(3.1) 



above M, as it actually hosts the dynamics given by a presymplectic structure; the 
latter will eventually be inherited from the Finsler metric on TM\M. 
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Denote, again, by l : SM ^ TM\M the canonical embedding. The fundamental 
geometric object governing the geodesic spray on SM is the 1-form 

w = i*iOH, (3-2) 



i.e., the pull-back on SM of Hilbert 1-form luh (see ( 2.11^ ). The direction of this 



1-form defines a contact structure on the (2n — l)-dimensional manifold SM, since 
w A / 0. See [231 [HI ED] . The following lemma is classical. 

Lemma 3.1. The exterior derivative of the Hilbert 1-form is given by 

dojH = Sab oj^ A uj^ (3.3) 

with A, B = 1, . . . ,n — 1. 

Remark 3.2. The exterior derivative of the Hilbert 1-form is independent of the 



choice of a linear connection; it depends only on the non-linear connection (2.12) 



The main result regarding Finsler geodesies can be stated as follows. See also [23] 
for a full account on the geometry of second order differential equations. 

Theorem 3.3. The geodesic spray of a Finsler structure (M, F) is the vector field X 
of SM uniquely defined by 

a{X) = 0, vj{X) = 1, (3.4) 

where a = dw. 

Proof. Write X G Vect(5'M) in the form X = + X" e„ X^ + X" e^. 



see (2.16), using dummy indices A and A = A + n, where ^ = 1, . . . , n — 1. Since 



X E Vect(rM\M) is tangent to SM iff X{F) = uj^{X) = 0, as clear from ( |2.19[ ), we 
have X € ker(cj) iff dujuiX) + Xoo"^ = where A G M is a Lagrange multiplier. The 
latter equation readily yields, with the help of (3.3), 5ab{X^ uj^—X^ uj'^)-\-Xuj^ = 0, 



hence X^ = X^ = 0, and A = 0. Then X = X" e„ -|- X" en is actually tangent 
to 5M if a;"(X) = X" = 0, which leads to 

X e ker(c7) ^ X = X"e„ (3.5) 
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for some X" E M. Thus, (SM, a) is a presymplectic manifold. The quotient 
SM/ ker(cj) is the set of oriented Finsler geodesies, which (if endowed with a smooth 
structure) becomes a (2n — 2)-dimensional symplectic manifold, see [2j. 



We then find that ^{X) = X", and the constraints (3.4) express the fact that X 



is the Reeb vector field, and retains the form X = e^, which, in view of (2.7), we 
can write 

X = u'^. (3.6) 



The vector field (3.6) of SM is the geodesic spray ^ of the Finsler structure. □ 



3.2 Geometrical optics in anisotropic media 



The geodesic spray, X, given by (3.6), integrates to a Finsler geodesic flow, ipf, on 

the bundle SM via the ordinary differential equation d(pt{x,u)/dt = X(ipt{{x,u)) 

for all t G / C M. The latter translates as 

dx' ■ 
— = 

(3.7) 

where the acceleration components (or spray coefficients) read = N'^jy-' (see [6]), 
for i = 1, . . . , n. The geodesic flow then defines geodesies per se, xt = 7r(99((x, u)), 
of the base manifold, M, with initial data (x, u) G SM. 

3.2.1 The Fermat Principle 

Definition 3.4. 130] Two Finsler structures (M, F) and (M, F) are said to he 
conformally related if F{x,y) = n{x)F{x,y) for some n G C°° {M,M*^_). 

If F is a Riemannian structure, then F is a Riemannian structure conformal- 
ly related to F, since their metric tensors are such that gij{x) = n'^{x) gij{x). In 
this case, the geodesies of (M, F) may be interpreted as the trajectories of light 
in a medium, modeled on the Riemannian manifold {M,F), and endowed with a 
refractive index n. This is, in essence, the Fermat Principle of geometrical optics. 
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Proposition 3.5. Let (M, F) and (M, F) be conformally related Finsler structures, 
i.e., he such that F{x,y) = n{x)F(x,y) for a given n G C°°(M, M^), called their 
relative refractive index. Their geodesic sprays are related as follows: 

where n' = y^ /F, for i = 1, . . . ,n. Putting = nX{x^), and = nX(y^), we obtain 
the equations of the geodesies of (M, F) in the following guise: 

X* = ti* 

..an (3-9) 

V.(n.)^ = g'^^ 

where is the covariant derivative with reference vector u, defined, for all vector 
field, V, along the curve with velocity u, by Vu(f)* = + T^-^,{x,u)u^v^ . 

Proof. The Hilbert 1-forms are related by ujh = n lo^., and their exterior derivatives 
by cj = n o" + dn A ujh- In other words a = n 5ab A oj^ + uj^ A w", where 
= e\din. 



Reproducing the proof of Theorem 3.3, we wih decompose X £ Vect(S'M) as 
X = X^ CA + X"^ (in + (^A + with the same notation as before. Again 



X E ker(a) iff dZju^X) + Aw" = for some A e M. (Note that, in view of ( |2.19[ ), 
we have tj" = a;"' + dn/n.) This equation readily leaves us with X^ = 0, and 
X^ ^ for ah A = 1, . . . , n - 1, together with A = 0. 

At last, X is tangent to SM if = 0, i.e., if X" = -(n"/n)X". Then, X 

is the Reeb vector field for F if u}h{X) = 1, i.e., if X" = 1/n. The geodesic spray 
of the Finsler structure (M, F) is thus 

1 



X = 
n 



n n 



while that of the Finsler structure (M, F) reduces to X = e„ by letting n = 1. 

We thus recover ( |3.8| ) via ( 2.16| ) and (2.9), and also by the following fact, viz., 
n"^e^ — n" en = {5^^ e\e'^ — e\en)djn Fd / dy'^ = {g''^ —2u''u^){djn/n)d/dy\ since F = 
n F = 1 on SM. 
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Let us now derive Equations (3.9); we first notice that = nX{x^) = u*, and 
also that = nX(y*) = —Nj + {F/n){g'^^ — 2u^u^)djn. Defining, as in, e.g., fBl, the 
covariant derivative of the vector field v, with reference vector u, by the expression 



Vu(t')' = v^+T^jf^u^v'' = v^+Nj /F, see (2.20), enables us to compute the "geodesic 



acceleration" Vu(n u). Since (n u)* = (n^ y)*, we get Vu(n uY = 2nh + n^Vu(y)* = 
2n u^djU y' + n^{y' + iVj u^) = 2n u^djU y' + n^{F/n){g'^ - 2u'u^)djn = g'^djn, and 
we are done. □ 



Remark 3.6. The differential equations (3.9) generalize, to the Finsler framework, 



the Fermat equations ruling the propagation of light in a Riemannian manifold, 
through a dielectric medium of refractive index n. 

3.2.2 Finsler optics 

It has originally been envisioned by Finsler himself (see, e.g., [3l |28]) that the in- 
dicatrix SxM = {u £ TxM \ F{x,u) = 1} of a Finsler structure {M,F) might 
serve as a model for the geometric locus of the "phase velocity" of light waves at a 
point X £ M. The fact that, in anisotropic optical media, the velocity of a (plane) 
light-wave specifically depends upon the direction of its propagation, prompted him 
to put forward a classical (as opposed to field-theoretical) model of geometrical 
optics in anisotropic, non dispersive, media ruled by Finsler structures. Finsler 
geodesies have therefore consistently received the interpretation of light trajectories 
in such optical media. Let us mention, among many an example, an application of 
Finsler optics to dynamical systems engendered by Finsler billiards |26) . 

When specialized to Riemannian structures, e.g., to Fermat structures presented 



in Section 3.2. 1[ Finsler geodesies are nothing but plain Riemannian geodesies, re- 



garded as light rays in (non homogeneous) isotropic media. See, e.g., |16 | ll7 | [2T 1 l22 ] . 
This justifies the following principle of Finsler geometrical optics. 

Definition 3.7. The light rays in a non-homogeneous, anisotropic, optical medium 
described by a Finsler structure (M, F) are the oriented geodesies associated with 



the geodesic spray (3.6) of this Finsler structure. 



For example, birefringent media (solid or liquid crystalline media) can be de- 
scribed by a pair of Finsler metrics, namely, the ordinary (resp. extraordinary) 
metric Fq (resp. Fe) attached to a (three-dimensional) manifold, M, representing 
the anisotropic optical medium. Those are respectively given, in the particular case 
of uniaxial crystals, in terms of a pair of Riemannian metrics a = aij{x) dx* ® dx^ , 
and b = bij{x) dx' O dx^ on M, by [H [28] 

Fo{x,y) = ^a,j{x) ty^ , (3.10) 
aij{x) y'y^ 



Fe{x,y) 



(3.11) 



\/hj(x)V¥ 

The geodesies of the metric Fg are meant to describe extraordinary light rays, 
whereas those of the Riemannian metric, Fq, will merely lead to ordinary rays. 



Remark 3.8. Let us emphasize that {M,Fe), where F^ is as in (3.11), is a Finsler 
structure if its fundamental tensor 



F^ 



2 (Xij 



4 ^3 12^ 

.a(y,y) Ky^y)\ Ky^vY' 

where Cj = a(y, y) bij{x)y^ — b{y, y) aij{x)y^ , is positive definite. This is, indeed, the 
case if the quadratic forms a and b verify 6/\/2 < a < by/2, everywhere on TM\M. 

The more complex case of biaxial optical media is also studied in [3], and gives 
rise to a pair of specific Finsler metrics 



F±(x,y) 



aijix)y'-y^ 
bfj{x)y'y^ 



(3.13) 



where a,b^ , and b are Riemannian metrics characterizing the optical properties of 



the anisotropic medium. (Let us note that Remark 3.8 applies just as well for the 



metrics (3.13)). 

3.2.3 The example of birefringent solid crystals 



Let us review how Finsler metrics of the form (3.13), or (3.10) and (3.11), arise in 



the particular case of anisotropic solid crystals. To that end, we revisit the original 
derivation |3j of the Minkowski norms that account for the propagation of light in 
anisotropic dielectric solids with principal (positive) velocities vi,V2,V3. 
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In the framework of Maxwell's wave optics, the Fresnel equation of wave normals 
ul{\\nf-vl){\\nf-vl)+uUM'-vl)^^^^^^ 

expresses the dependence of the phase velocity, u, of a plane wave upon its direction 
of propagation, u = u/||u||, in such a medium; we denote, here, by || • || the norm 
on standard Euclidean space (M^, ( • , • )). 

- Assuming, e.g., vi > f 2 > fs, one solves the Fresnel equation for the norm of 
the phase velocity, viz., ||u|p = A + B cos{6' ib 9") where 9' and 9" are the angles 
between the direction of propagation, u, and the (oriented) optical axes e' and e"; 
the scalars A = ^{vf + v"^), and B = ^{vf — v"^), as well as the vectors e', and e", 
are characteristic of the crystal |il3]. The Minkowski norm, F, associated with each 
solution of the Fresnel equation is easily found [3j using Okubo's trick that amounts 
to the replacement u -w y/F(y), insuring that F{u) = 1. Easy calculation leads us 
to ||u||2 = ||y||Vi^(y)^ = vl + S||y||-2[(e',y)(e",y) ^ ||e' xy||||e" x y||], that is, to 

F^{y) = (3.14) 
A\\y\\^ + B (e',y)(e",y) T ||e' x y||||e" x y| 

where x denotes the standard Euclidean cross-product. This expression admits 
straightforward generalizations to the case of fluid crystals, Faraday-active media, 
etc., where the quantities A, B, e', and e" become position-dependent; it ultimately 



leads to the expression (3.13) of a pair of Finsler metric for general biaxial media. 



The case of uniaxial media is treated by assuming, e.g., vi = f 2 > "Us, which 



implies e' = e"(= e). The Minkowski norms (3.14) admit a prolongation to this 
situation and read 

F-{y) = M, (3.15) 

F+(y) = , (3.16) 
V^illyP + K'-^i)(e,y)' 

Those correspond, respectively, to an ordinary Euclidean metric, Fo = F^ , and to an 



extraordinary Minkowski metric, F^ = F~^, again generalized by (3.10), and (3.11). 
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- The last case, for which ^1 = ^2 = ^3, clearly leads to a single Euclidean 
metric, namely F(y) = \\y\\/vi, that rules geometrical optics in isotropic media 
with refractive index n = 1/vi. 

4 Geometrical spinoptics in Finsler spaces 

So far, the polarization of light has been neglected in the various formulations of 
geometrical optics. We contend that spinning light rays do, indeed, admit a clear 
cut geometrical status allowing for a natural extension of plain geometrical optics to 
the case of circularly polarized light rays (Euclidean photons) traveling in arbitrary 
non dispersive optical media. 

The touchstone of our viewpoint about geometrical optics for spinning light is 
the Euclidean symmetry of the manifold of oriented lines in (flat) Euclidean space. 
This fundamental symmetry will be taken as a guiding principle to set up a model 
that could describe the geometry of spinning light rays in quite general, crystalline 
and liquid, optical media. See [21^ and [22^ for a first approach to geometrical 
spinoptics in inhomogeneous, isotropic, media. 

We will therefore start by some elementary facts about the symplectic structure 
of the space of oriented lines in Euclidean space. The consideration of the generic 
coadjoint orbits of the Euclidean group will then be justified on physical grounds. 

Let us recall that, if we denote by Ad the adjoint action of a Lie group, and by 
Goad, its coadjoint action, then the orbits of the latter action inherit a canonical 
structure of symplectic manifolds. These homogeneous symplectic manifolds play a 
central role in mechanics and physics, where some of them may be interpreted as the 
elementary systems associated with the symmetry group under consideration |39j . 

The following construction is standard. 

Theorem 4.1. Let G be a (finite- dimensional) Lie group G with Lie algebra q. Fix 
Ho G 0* and define the following 1-form 

^mo=/^o-i9g, (4.1) 
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where -do is the left-invariant Maurer-Cartan 1-form of G. Then, a^^ = dw^^^ is a 
presymplectic 2-form on G which is the pull-back of the canonical Kirillov-Kostant- 
Souriau symplectic 2-form on the G-coadjoint orbit 

O^, = {fx = Coadg(/io) I 5 e G} ^ G/G^„ (4.2) 

where G^^ is the stabilizer of /io ^ 0* ■ 

4.1 Spinoptics and the Euclidean group 

From now on we will confine considerations to three-dimensional configuration 
spaces to comply with the physical principles of geometrical optics. 

An oriented straight line, ^, in Euclidean affine space {E"^ , ( • , • )) is determined 
by its direction, a vector u G M'^ of unit length, and an arbitrary point Q G ^. Having 
chosen an origin, O G -E^, we may consider the vector q = Q — O, orthogonal to u. 
The set of oriented, non parametrized, straight lines is thus the smooth manifold 

M = {^= (q, u) G X I (u, u) = 1, (u, q) = 0}, (4.3) 

i.e., the tangent bundle M = TS^ of the round sphere S"^ C M^, which has been rec- 
ognized by Souriau [39] as a coadjoint orbit of the group, E(3), of Euclidean isome- 
tries, and inherits, as such, an E(3)-invariant symplectic structure. See also [27\ . 

Consider the group, SE(3) = SO (3) K of orientation -preserving Euclidean 
isometries of {E^, ( • , • ), vol), viewed as the matrix-group whose elements read 

where R G SO (3), and x G 

The (left-invariant) Maurer-Cartan 1-form of SE(3) is therefore given by 

^SE(3) = (o o), (4.5) 
where a) = R^^dR, and a; = R^^dx. 
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Let ;U = (S, P) denote a point in e(3)* where e(3) = o(3) >< is the Lie algebra 
of SE(3). We will use the identification o(3) = A^RS (resp. (M^)* = M^) given by 
= S"^ (resp. Pa = P"), where 



gab ^ gba ^ Q 



(4.6) 



for all a,b = 1,2,3. The pairing e(3)* x e(3) — > M will be defined by 



(S,P)-(^,a;) 



1 



Tr(SL:D) + (P,Lj) 



^S'^'^Qab + PaOo'^- 



(4.7) 
(4.8) 



The coadjoint representation of SE(3), viz., Coadg^ = // o Ad^-i, is given by 
Coadg(S,P) = (i?(S + xAP)fl-\i?P). Clearly, C = (P,P) and C = (S AP)/vol 
are coadjoint SE(3)-invariants. These are the only invariants of the Euclidean co- 
adjoint representation, and fixing (C, C") or (C = 0,C"), where C" = ^S°-''Sab, 
yields a single coadjoint orbit [251 l39] . 

4.1.1 Colored light rays 



Specializing the construction of Theorem 4.1 to the case G = SE(3), with C = 
and p > together with C = 0, we can choose ^uq = (0, Pq) and Pq = (0, 0,p). The 
invariant p is the color |39] of the chosen coadjoint orbit. 



The 1-form (4.1) then associated, via the pairing (4.8), and the Maurer-Cartan 



1-form (4.5), with the invariant p is thus vo^^ = (Po,cj), or 



■w 



Mo 



Mo 

PaOj'' 
PUJ^. 



(4.9) 
(4.10) 



Straightforward calculation yields = puidx^, with Ui = Sij , where u = 63 is 
the third vector of the orthonormal, positively oriented, basis R = (ei,e2,e3). 



The 1-form (4.10) is, up to an overall multiplicative constant, p, equal to the 



canonical 1-form (3.2) on the sphere-bundle SE"^, associated with the trivial Finsler 
structure {E^, F), with F(x, y) = y^(y7y). Proposition 3.5 just applies, with n = 1, 
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and conforms to Euclid's statement that light, whatever its color, travels in vacuum 
along oriented geodesies of E^. Indeed, the exterior derivative of the 1-form w^^ of 
SE"^ reads fi^o = pdui A dx*. Its kernel, given by 

Xekei{a^,) ^ x = An'^, (4.11) 

with A € M, yields the (flat Euclidean) geodesic spray (A = 1). We will resort to 
generalizations of this particular construct of the geodesic foliation. 

The integral invariant, a^^, descends, as a symplectic 2-form, to the quotient 
Ai = SE^ / kei {a ^fj) described by = (q, u), where q = x — u(u, x). This is the 



content of Theorem 4.1 insuring that Ai = TS"^ C e(3)* is endowed with a canonical 
symplectic structure, namely {Ai,pdui A dq"^). 

We note that the SE(3)-coadjoint orbit O^q is an E(3)-coadjoint orbit. 

4.1.2 The spinning and colored Euclidean coadjoint orbits 

The generic SE(3)-coadjoint orbits are, in fact, characterized by the Casimir in- 
variants C = p'^, with p > (color), and C = sp where s 7^ stands for spin. We 
call helicity the sign of the spin invariant, e = sign(s). 

The origin, of such an orbit can be freely chosen so as to satisfy the constraints 
S^'^'Ph = 0, for all a = 1,2,3, and I S""^ Sab = s^ together with PaP" = p^. One 
may posit 

/O -s 0\ 

So = s and Po = (0,0,p). (4.12) 

\0 0/ 

The coadjoint orbit, O^p, passing through fiQ = (So,Po) £ ^(3)* is, again, dif- 
feomorphic to TS^. It is endowed with the symplectic structure coming from the 



1-form (4.1) on the group SE(3), which now reads 

W^, = PaLo'^ + ^S'^'Qab (4.13) 

= pLo^ + sQi2, (4.14) 

where Q (resp. u) stand for the flat Levi-Civita connection (resp. soldering) 1-form 
on the bundle, SE(3) = SO{E'^), of positively oriented, orthonormal frames of E"^. 
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Remark 4.2. The 1-form (4.13) is the central geometric object of the present study. 



SE(3) 



O^, ^ TS' - — smJ" — - 

Figure 1: 

Straightforward computation then leads to w^^ = p(e3,(ix) — s(ei,(ie2). The 
exterior derivative of tu^p is found [391 ESI [32l 121] to be given by 

cT^P = pdui A dx^ — -eijk u^du^ A du^ , (4-15) 

where, again, u = ea, and also eijk stands for the signature of the permutation 
{1,2,3} ^ {i,3,k}. This 2-form conspicuously descends to SM? ^ x S^. Its 



characteristic foliation is, verbatim, given by (4.11): spinning light rays in vacuum 
are nothing but oriented Euclidean geodesies. As shown in the sequel, things will 
change dramatically for such light rays in a refractive medium. 

Remark 4.3. Actually, "photons" are characterized by |s| = h, where h is the 
reduced Planck constant; right-handed photons correspond to s = +h, and left- 
handed ones to s = —h, see We will, nevertheless, leave the parameter s 
arbitrary when dealing with "spinning light rays". 



The manifold of spinning light rays, O^^ = SE^ / ker {a f^^) = TS'^ (see Fig. [T]) is, 
just as before, parametrized by the pairs ^ = (q, u) and endowed with the "twisted" 
symplectic 2-form oj^g = pdui A dq^ — ^eijk u^du^ A du^. 

Note that the union of two SE(3)-coadjoint orbits defined by the invariants (p, s) 
and (p, —s) is symplectomorphic to a single E(3)-coadjoint orbit. 

Remark 4.4. The SE(3)-coadjoint orbits of spin s, and color p, are symplectomor- 
phic to Marsden-Weinstein reduced massless SE(3, l)o-coadjoint orbits of spin s, at 
given (positive) energy E = pc, where c stands for the speed of light in vacuum, 
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see [21]. This justifies that the color, p, of Euclidean light rays corresponds, via re- 
duction, to the energy of relativistic photons, or to the frequency of their associated 
monochromatic plane waves |39| \25\ [22] . 



4.2 Spinoptics in Finsler-Cartan spaces 

With these preparations, we formulate the principles of geometrical spinoptics, with 
the premise that (i) Finsler structures should be considered a privileged geometric 
background for the description of inhomogeneous, anisotropic, optical media, (ii) the 
original Euclidean symmetry which pervades geometrical optics should be invoked 
as a guiding principle in any formulation of spin extensions of geometrical optics. 

4.2.1 Minimal coupling to the Cartan connection 

Axiom 4.5. The trajectories of (circularly) polarized light, originating from an 
Euclidean coadjoint orbit O^q C e*(3) with color p > 0, and spin s ^0, in a three- 
dimensional Finsler manifold (M,F), are governed by the following 1-form on the 
principal bundle S02{SM) over evolution space SM = namely 

ro^o = /^o • (4.16) 

where = {ui,uj) is the "affine" Cartan connection, u) = (S5{,°) denoting the Cartan 
connection (2.3^ , and u = (w") the coframe (2.10). The characteristic foliation of 



the 2- form a^^ = dw^^ yields the differential equations of spinoptics in a medium 
described by the considered Finsler structure. 



The 1-form (4.16) corresponds, mutatis mutandis., to the Euclidean 1-form (4.131 



(In (4.16), and from now on, we simplify the notation and denote by the pull- 



back on 802(5*71^) of the corresponding 1-form of S02{T M\M) .) In Axiom 4.5 
the replacement of the Euclidean group SE(3), see Fig. [T| by the principal bun- 
dle S02(>S'M), see Fig. |2] and of the Maurer-Cartan 1-form by the affine Cartan 
connection is akin to the so-called procedure of minimal coupling. We refer to [31] 
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where the minimal couphng of a spinning particle to the gravitational field was 
originally introduced in the general relativistic framework. See also |4U| I41| . 

The choice of the Cartan connection is impelled by the fact that the group 
underlying Finsler-Cartan geometry is the Euclidean group, E(n), which is precisely 
the fundamental symmetry group of the symplectic model of free photons, for n = 3. 
Indeed, the "flat" n-dimensional Finsler-Cartan structure defined by both conditions 

= 0, and 17^" = 0, for all a, 6 = 1, . . . , n, is (locally) isomorphic to the Euclidean 
space, (i?", ( • , • )): torsionfreeness yields Aabc = 0, see (2.34), hence that {M,F) is 



Riemannian; zero curvature then entails local flatness, via (2.37), and (2.25). The 



Euclidean group, E(n), is then the group of automorphisms of the flat structure. 
Let us emphasize that the Cartan connection has been originally referred to as the 
"connexion euclidienne" in 1181. 



The 1-form ( |4l6| ) of S02(S'M) thus reads 

1 



In view of the choice (4.12 ) of the moment fiQ = (S, P) G e(3)*, viz. 

and 



S^>^ = se''''6'XS% and Pa 
for all a,b = 1,2, 3, where e^^ = 2(5[^(5f for all A,B = 1, 2, we find 



w 



(4.17) 



(4.18) 



(4.19) 



Remark 4.6. The 1-form w^^ differs from the Hilbert 1-form, ojh = cj^, by a spin- 
term, ij)i2- This term, canonically associated to a generic Euclidean coadjoint orbit, 
is new in the framework of Finsler geometry, and akin to the Berry connection [8] . 



S02(^M) 



SM ^ TM\M M 



Figure 2: 
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See, e.g., [9l |33]. Putting, in (4.19), s = eh for photons (where e = ±1 is helicity), 
and p = hk, where k = e/X is the wave number, we observe that s/p = X, so that 



Formula (4.19) indeed corresponds to (1.3), up to an overall constant factor. 



Proposition 4.7. The exterior derivative, dw^^, of the 1-form (4-1'^/) on S02(>S'Af) 
descends to the evolution space, SM , as 

1 , 1 



(4.20) 



where the hab = Sab — ^a^h denote the frame- components of the angular metric, and 
^1{S) = ^labS""^ the spin- curvature coupling 2-form. 



Proof. Let us start with the expression (4.19) of the 1-form Wug. We have found 



see (3.3), that duj^ = 6ab A u^. With the help of the structure equations of the 



Cartan connection, we obtain (iS5i2 = i^i2+^iJi/\uia2 = f2i2+^']^^AS}32 = rJi2— ^^3^ AtDg^, 
using the property ( |2.33 ). We then resort to ( 2.30| ), and to the property (2.5) of the 
Cartan tensor (that is Aab3 = 0, for all a,b = 1,2, 3), to find 0)3^ = u)^. This yields 
duJi2 = i1i2 — o;-*^ A w^, or, equivalently, diOAB = ^AB — A w^, for A,B = 1,2. 
Thus 



dzu 



1 



^o^P ^AB A + - n{S) - - eAB w A uj' 



(4.21) 



where i7(5) = s^u = ^s cab ■ In order to prove (4.20), we simply use the 
frame components, S""^, of the spin tensor given in (4.18). 



To complete the proof, it is enough to verify that dWf^Q, given by (4.21), is an 
integral invariant of the SO(2)-flow generated by 



Z = e] — ^ - Co — ^ , 



This is, indeed, the case since dw^^^{Z) = 0. 
4.2.2 The Finsler-Cartan spin tensor 



(4.22) 

□ 



Let us now give a construction of the spin tensor on the indicatrix-bundle, SM, 
that will be useful in the sequel. 
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Lemma 4.8. The following 3-form of S02{SM), viz., 



Vol = A A 



(4.23) 



is an integral invariant of the flow generated by the vector field, Z, given by (4-22). 
It descends to SM as vol = gVoljjfc(x, u) dx* A dx^ A dx^ , with 



Yo\ijk{x,u) = \/det {gim{x,u))eijk, 



(4.24) 



where k,l,m = 1, 2, 3. 



Proof. In view of (2.17), we clearly have Vol(Z) = 0. Using, for example, the 



Chern connection, we find, with the help of the structure equations (2.21) that 



dYol = -uj^ A Vol. Then, Equation (|2.22|) readily implies dVol = ^^^w^ A Vol 



Again, ( |2.17[ ) entails that (dVol)(Z) = 0, thus Z G ker(Vol) nker(iiVol), proving 
that Vol is an S0(2)-integral invariant. 



Locally, we have vol = det(a'f) dx^ A dx"^ A dx^ = y^det (gij) dx^ A dx"^ A dx^, 
since (2.6) can be rewritten as ujfLOj 6ab = gij- This proves Equation (4.24). □ 



Let us now regard the Sab as the frame-components of a skew-symmetric tensor. 



S, on SM, with components Sij = Sab^i^j- Then, owing to (4.18), we easily find 



Sij = seAB'^i^f = 2sW[jf^^]; those turn out to be nothing but the components of 
the tensor S = svol(e3) = suj^ Auj'^. Whence the 



Lemma 4.9. If we call spin tensor, associated with the moment (4.18), the tensor 



S = s vol('ti) 



(4.25) 



where u = e^, see (2.16), then 



Sij = svolijku'', 



(4.26) 



for all i,j = 1,2,3, where the voljjfc are as in {4-24) 
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4.2.3 Laws of geometrical spinoptics in Finsler-Cartan spaces 



We are now ready to determine the explicit expression of the characteristic fohation 



of the 2-form (4.20) that wih provide us with the differential equations governing 



the trajectories of spinning light in a Finsler-Cartan background. 

Lemma 4.10. The spin-curvature coupling term for the Cartan connection retains 
the form 

n{S) = ]^R{S)cd uJ''^oJ'' + p{su a J + \Q{S)cd of a J (4.27) 

where R{S)cd = RabcdS'^^, etc., and 



P{S)cd 



RiSU, 



P{S)cd — '^{^cdalb ^ace ^bd)^^^ ^ 



^^aec ^ fed ■ 



(4.28) 

(4.29) 
(4.30) 



Proof. The frame-components R{S)cd, and P{S)cd, for the Cartan connection ex- 
actly match their counterpart for the Chern connection with curvature tensors Rj ki 
and Pj^i^i given by (2.25) and (2.26) respectively; indeed, the equations (4.28), 



and (4.29) are derived, in a straightforward way, using (2.38), and (2.39), together 



with the total skew-symmetry (resp. symmetry) of the spin tensor, (resp. the 
Cartan tensor), i.e., S"'' = S't"^! (resp. Aabc = ^(a6c))- 

The constitutive equation (Equation (3.4.11) in [6 ) for the hv-components of the 



Chern curvature in terms of the covariant derivatives of the Cartan tensor (see (2.29 ) 



and (|2£1|), reads Pabcd = ^acd|fe - ^bad|c - A,M\a + Aam^Z - Kc^Kd + KcmKd' 

We readily deduce that P{S)^ = Pabcd S"'' = 2(^^^„|^ - proving the 



last part of Equation (4.29). 



The last equation (4.30) is a trivial consequence of (2.40). 



□ 



Lemma 4.11. There holds P{S)a3 = P{S)3a = 0, for all a = 1,2, 3. 



Proof. We have P{S)c3 = 0, because of ( 2.27[ ). Likewise, the relation P{S)3a = 
stems from (|4.29| since Aa3e = (see (l2^), and (€3)^ = (see (|2.29|). □ 
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We can now proclaim our main result. 



Theorem 4.12. The characteristic foliation of the 2- form a of SM, given by (4-20), 
is expressed as follows, viz., 

X G ker((T^J 



X = x-^ 



2sS 



6x^ 



+ 



1 



2s2AS V J' 



1 



_d_ 
du'- 



for some X G M, where the Sj = svolj\u are as in (4-26), and 

1 



A 



1 

A 



+ -R{S){S), 



(4.31) 



(4.32) 



(4.33) 



with R{S){S) = R{S)ij S^i, and Q{S){S) = Q{S)ij S'^ . 

The 2-form a^^ endows SM \ (A~^(0) U S~^(0)) with a presymplectic structure 



of rank 4; the foliation (4-31) leads to a spin-induced deviation from the geodesic 



spray (3.6), and, according to Axiom 4-5. governs spinoptics in a 3-dimensional 
Finsler-Cartan structure {M,F). 



Proof. Using Lemmas 4.10 and 4.11 we can rewrite our 2-form (4.20) of SM, in 



the guise of (4.21), as 



+p 6aB a - - CAB A LV^ 

+ \r{S)ab a o;^ + ^R{S)a3 oj^ a uj^ 
+ \p{S)ab u:^^uJ^ + \q{S)ab A cu^. 



(4.34) 



The proof of Theorem 3.3 is adapted to the new 2-form (4.34) we are dealing with 



In particular, the vector fields X G Vect(5M) will be written in the following form. 
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X = eA + X3 63 + + eg. Then X £ ker(cj^J iff fT^o(X) + Xuj^ = 0, 

where A € M is a Lagrange multipher associated with the constraint F = 1 defining 
SM ^ TM\M. We find 

: +pSab{X^u}^ -X^LO^)-seABX^uj^ + Xlv^ 



a^^{X) + Xoj' 



+ ^ RiS)ABX^u;'' + ^ R{S)A3iX^u;^ - X^u;^) 
+ ^ P{S)ab{X^^^ - X^u:^) + ^ Q{S)abX^u;^, 



so that X € ker((T^p) iff 



pSi--P{S)\ 



p5^-i^P{S)b^ 



+ \ R{S)^^X^ + \ R{S),^X^ (4.35) 



se/--Q{S)/ 



X^ 



R{S)a3X' 



(4.36) 
(4.37) 



A. 



(4.38) 



Put R{S){S) = RabcdS^'^S^'^, and Q{S){S) = Qabcd S^'^S"'^, and consider ( |4.18| ) 
to readily get 

R{S)AB = ^R{S){S)eAB and g(5)AB = 7^ Q(5)(5) e^B, (4.39) 

for all = 1,2. Note that we also have R{S){S) = s^Rabcd e'^^e^^ , and 

Q{S)iS) = -2s^AACEABDFe^''e^^5^^ (see (M). 



Plugging (4.39) into (4.36), we easily find 



X' 



1 

A 



X 



c 



for all A = 1, 2, where 



A = s 



ABCD 



1 - ^ Qabcd e e 



(4.40) 



(4.41) 



We then find, with the help of (4.40), and (4.35), the following relationship 

(4.42) 



1 



A v3 



2 ^(^)3^^ 



Where = [p6^-'^ P{S)^^] [p5g - ^ P(S)/] + ^ i?(5)/. 
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We clearly have T,ab + ^ba = 0, hence T,ab = ^ ^AB, and find, with some more 
effort, 



1 

A 



1 



P 



P{S)ab S^"" + ^t,P{S)ac P{S)bd e'^^e' 



1 



abcd 



1 



abcd 



-sRabcd^ e 



(4.43) 



where A is as in (4.41). 



Let us point out that Equation (4.37) trivially holds true in view of the skew- 
symmetry of Sab; indeed, (|4.42[) implies R{S)3aX^ = T^abX^X^ = 0. 



Equation (4.42) then leaves us with 

1 



2S 



(4.44) 



for all A = 1,2. Let us recall that the latter equation for completely deter- 



mines X"^, via (4.40), the components X^, and X^ remaining otherwise arbitrary. 
Now, X G Vect(5M) if X(F) = 0, i.e., iJ^X) = X^ = Q. We are, hence, left with 
only one arbitrary parameter, X^, to define the direction ker(o"^(j) wherever A 7^ 0, 
and S / 0. Thus X = X^Ia + ^^e^ XHa, where X^, and X^ are as in (|4.44[), 



and (4.40) respectively, with X'^ G M. 

Introducing the unit supporting element, {u"" = iJf), as well as the spin tensor, 
(5f," = se/(5^5f ), given in ( |4.18[ ), we find 

X £ ker(fT^J 
t 



X = x- 



2sS 



{S R{S)u)^eA. + 63 



pS - -SP{S)SR{S)u] Ca 



(4.45) 



2s2AS 



for some X^ £ R. 



To complete the calculation, we express (4.45 ) in terms of the coordinates = 63 
of the distinguished element u = 63, and those, S^^ = g^^g^^ S^i, of the spin tensor S, 



see (4.25), where the Sij are as in (4.26). We also bear in mind that Ca = e^5/(5x* 
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and e-a = e^d/du^^ for all a = 1,2,3, as given by (2.16), on the principal bundle 



S02(5'M) above the evolution space SM. The upshot of the computation is that 



the characteristic foliation (4.45) can be recast in the form (4.31); Equations (4.32) 



and (4.33) also provide alternative expressions for (4.41), and (4.43). 



At those points (x, -u) G SM where A = 0, or S = 0, singularities of the 



foliation (4.45) do occur; they must be discarded to guarantee a well-behaved pre- 
symplectic structure of (generic) rank 4. The proof is now complete. □ 



Remark 4.13. Let us choose, e.g., X = 1 in (4.31) to define the generator, X 



of the foliation ker(cr^(,). The latter significantly deviates from a spray since the 
velocity, i, given by the horizontal projection of X, differs from the direction, u, of 
the supporting element, namely 

1 



W + 



2sS 



S/'R{S)Ju^, 



(4.46) 



where = X(x*), for all i = 1,2, 3. The occurrence of this anomalous velocity in the 
presence of curvature can be classically interpreted (see [2TI [22] ) as the source of the 
optical Hall effect. Moreover, the vertical components of the generator X, namely 
those of the geodesic acceleration, depend linearly on the helicity, e = sign(s). They, 
notably, lead to a splitting, a la Stern-Gerlach, of light rays with opposite helicities. 



Let us finish with the following corollary of Theorem 4.12 which help us recover 
the simpler equations of spinoptics in the Riemannian case, derived in |21] . 

Corollary 4.14. If the Finsler structure, {M,F), is Riemannian, the characteristic 
foliation of the 2-form a^^ is spanned by the vector field 



X=[n" + ^S/R{S),^u 



1 



d 



with 



^'=p' + -R{S){S), 



(4.47) 



(4.48) 



where the Rijti are the components of the Riemann curvature tensor. 
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Proof. Suffice it to note tliat tlie Cartan tensor vanislies iff tlie Finsler structure 
is Riemannian, lience Pijki = Qijki = 0. Tlie curvature tensor Rijki in (4.31) tlien 



reduces to tlie Riemann curvature tensor, see (2.25). The proof is completed by 
noticing that Sj^S^"^ = s^{u'^Uj — (5j), a direct consequence of (4.26). □ 



5 Conclusion and outlook 

We have proposed a generalization of the Fermat Principle enabling us to describe 
spinning light rays in a general, non dispersive, optical medium, namely an in- 
homogeneous and anisotropic medium modeled on a Finsler manifold. The guideline 
for this extension has been provided by the Euclidean symmetry of the free system, 
viewed as a generic coadjoint orbit of the Euclidean group, SE(3). Interaction with 
the optical medium has been justified in terms of a minimal coupling of the model 
to the (affine) Cartan connection of the Finsler structure; the gist of the procedure 
lies in the fact that the affine Cartan connection takes, indeed, its values in the 
Lie algebra e(3) and, thus, couples naturally to the moment ^ ^(3)* defining 
the original coadjoint orbit (the classical states of the free Euclidean photon). The 
resulting presymplectic structure on (an open submanifold of) the indicatrix-bundle 
has been investigated. In particular the characteristic foliation of this structure has 
been worked out, and shown to yield a system of differential equations governing the 
trajectories of spinning light rays, associated with a vector field departing from the 
usual Finslerian geodesic spray. The geodesic acceleration of spinning light rays is 
due to the coupling of spin with the Finsler- Cartan curvature, which also engenders 
an anomalous velocity. The latter, already present in Riemannian spinoptics |2H |22] 
has proved crucial in the geometrical interpretation of the brand new optical Hall 
effect, see, e.g., |1H [33] . The consubstantial nature of this effect with the geometry 
of Euclidean coadjoint orbits is precisely what prompted the present study, and 
our endeavor to depart from the case of isotropic media by taking advantage of 



Finsler-Cartan structures. Although the characteristic foliation (4.31) of the above- 



mentioned presymplectic structure is of a formidable complexity, it is nevertheless 

35 



a mandatory consequence of a minimal, geometrically justified, modification (1.3) 



of the Hilbert 1-form (1.2) of central importance in Finsler geometry. 

The future perspectives opened by this work are manifold. 

It would be desirable to linearize the differential equations of Finsler spin- 
optics in the case of weakly curved Finsler- Cart an manifolds, to account for weakly 
anisotropic optical media. This should lead to substantial simplifications, suitable 
for an explicit calculation of the geodesic deviation in several non trivial examples. 



such as those given by (3.10), and (3.11). Also, would it be of great importance 
to compare this linearized set of differential equations with the outcome of the 
calculations performed by a (short wavelength) semi-classical limit of the Maxwell 
equations in weakly anisotropic and inhomogeneous media |13] . 

The Fermat Principle has, most interestingly, been generalized, via a novel 
variational calculus, to the case of lightlike geodesies in Finsler spacetimes with 
a Lorentzian signature [35] • It would be worth investigating how that relativistic 
version of geometrical optics extends to spinoptics in relativistic Finsler spacetimes. 
Let us note that Randers Finsler metrics play, as discussed in [15j , a prominent role 
in such a framework, corresponding to induced (instantaneous) Finsler metrics on 
the material body of the optical medium. 

At last, specific applications of the equations of Finsler- Cart an spinoptics should 
be explored in a number of other directions such as the Kerr, the Faraday effects, 
and the Cotton- Mouton effect responsible for plasma birefringence, see, e.g., [37], 
as well as the photonic Hall effect jl2] in the presence of a magnetic field. 

In truth, the present study of Finsler spinoptics was a challenge, taken up from 
a purely geometric standpoint; one may, conceivably, expect it will provide further 
insights into modern trends of geometrical optics of anisotropic media. 
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